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Introduction

Quivers are simple mathematical objects: finite directed graphs. A representation of a quiver
assigns a vector space to each vertex, and a linear map to each arrow of the graph. These objects
were originally introduced to treat problems of linear algebra, but it soon turned out that they
play an important role in representation theory and in algebraic geometry. For instance, it was

shown by M. Reineke that every projective variety is a quiver grassmannian [Reil3].

As with the classical representation theory, a quiver representation can be decomposed, up to
reordering, as the direct sum of indecomposable representations (those that cannot be written fur-
ther as direct sum of representations). Therefore, if one is to know all the representations of a
given quiver, it is enough to understand its indecomposable representations. When the ground
field is assumed to be finite, say the field IF;, one can study a particular type of indecomposable
representations: the absolutely indecomposable ones which are those indecomposable representa-
tions which remain indecomposable when we look at them as representations over Fq. In the
1980’s, V. Kac showed that the number of absolutely indecomposable representations with fixed
dimension vector (i.e. the dimensions of the vector spaces that we put at each vertex are fixed),
for a given quiver without loops, is a polynomial in Z[q]. He went further by conjecturing that

the coefficients of this polynomial where actually positive.

For almost twenty years, no progress was made in solving Kac’s conjecture until 2004 when W.
Crawley-Boevey and M. Van den Bergh gave a proof when the dimension vector is assumed to
be indivisible, that is, when the greatest common divisor of its entries is one [CBVdB04]. In
2013 a full proof of the conjecture was given by T. Hausel, E. Letellier and F. Rodriguez Ville-
gas [HLRV13]. The ideas and techniques introduced in these works, has laid the ground and
inspired tremendous breakthroughs in mathematics such as the work by O. Schiffman regarding
the Poincaré polynomial of the moduli space of Higgs bundles over a compact Riemann surface
[Sch16].

In this work we will focus on making a clear picture on the techniques introduced by Crawley-
Boevey and Van den Bergh to count absolutely indecomposable representations and deduce Kac’s
conjecture in the particular setting just explained. The facts presented here are well known but
we gave ourselves the task of writing an expository account of these, providing precise references

whenever it cannot be self-contained.



Let us now outline the structure of this work and comment a little on the strategy of Crawley-
Boevey and Van den Bergh. In the first chapter we overview the basic theory of quivers and its
representations. In the second chapter, we recollect the main facts of Geometric Invariant Theory
(GIT) that allow us, at the end of the chapter, to construct moduli spaces of quiver representations
as linearised GIT quotients. In the third chapter we introduce representations or modules over
a deformation of the path algebra of a quiver and obtain a smooth variety X, from the quotients
obtained in the second chapter. The number of [F,-points of this variety is deeply related to the
desired count of absolutely indecomposable representations. In fact, if we know the number of
rational points of X, then we know the desired number of absolutely indecomposable represen-
tations. Unfortunately, there is no much more information we can obtain from this variety so
we introduce a one-parameter family whose generic fiber is equal to X,. In the fourth and last
chapter, the purpose of this one-parameter family becomes clear when we see that the number of
qu—points of both its generic and its special fiber, X, coincide. What is more, we see that, as the
special fiber satisfies good properties such as being cohomologically pure, it is possible to reduce
the count of the rational points of X, and hence of X, to a formula depending on the dimension
of the etale cohomology groups of X,. Finally, we rewrite this formula in terms of the singular

complex cohomology groups of the some sort of “complexification” of the special fiber.



Chapter 1

Quivers

In this chapter, we present fundamental notions and results on quivers and its representations

which will be the framework of this memoir. Throughout this discussion we fix a field k.

1.1 Basic definitions

Definition 1.1. A quiver is a finite directed graph, that is, a tuple Q = (V, E, h,t) where V is a finite
set of vertices, E is a set of edges and h,t: E — V maps assigning to each edge its corresponding
head and tail.

Example 1.2. The following graph represents a quiver having only one edge and vertex. It is

aCl

Example 1.3. For the quiver represented by the graph below, one has that t(a) = 1 and h(a) =
I’l(ﬁl) = t(‘Bl’) =2fori= 1,2.

known as the Jordan quiver.

Note that h(a) = t(a) = 1.

B2

N’

1—2+2

@)

B

Example 1.4. The n-edges Kronecker quiver is the quiver having two vertices, {1,2}, and n-edges,
ay,...,a, such that t(a;) =1 and h(a;) =2 forall i =1,...,n as depicted in the graph below.

ay
1 - 2
aﬂ
Example 1.5. Given a quiver Q, we define its double quiver, denoted by Q, to be the quiver having
the same vertices as Q but set of edges given by E = {a, a*},cr where h(a*) = t(a) and (a*) = h(a).
Similarly, the opposite quiver, Q°P, has the same vertices as Q and set of edges given by E°P =
{a*}aeE-

The latter is an example that we will study in greater detail later.



Definition 1.6. A non-trivial path in a quiver Q is a sequence ay,...,a; of edges such that t(«a;) =
h(aj,q) foralli =1,..., k. On the other hand, the trivial path, for each vertex v € V of Q, is the path
that starts and terminates at v. We denote this path by e,.

Definition 1.7. The path algebra kQ is the k-algebra generated by the edges of the quiver Q. The

product of two edges or paths x,y in this algebra is defined to be:

concatenation of paths if h(y) = t(x),
Xy =
0 otherwise.

Here, h(x) and f(x) denote, respectively, the head and the tail of the path x. That is, the vertices
where the path x ends and begins respectively.

Remark 1.8. A basis of kQ as a k-vector space is given by the set of all paths in the quiver Q.

Example 1.9. Let Q be the Jordan quiver in Example 1.2. Note that k[x] = kQ via the unique
algebra morphism sending x to a.

Example 1.10. Let Q be the quiver represented by the graph:

aq [2%)
l—2—=3.

Then the basis for the k-vector space underlying kQ is given by the set {e,e;,e3, a1, ap, ara1}.

Proposition 1.11. The following are the main properties of the path algebra kQ:

1. The trivial paths are orthogonal idempotents, that is, e,e,, = 0 for v # w and 2 = e,

1= Zev.

veV

2. kQ has an identity given by

3. kQ is a finite-dimensional k-vector space if and only if Q does not contain oriented cycles.

That is, if there is no path p of positive length such that h(p) = t(p).

4. The vector subspaces kQe,,e,kQ and e, kQe,, have as bases the paths starting at v and/or

terminating at w.
5. kQ= @vev kQe, so that each kQe, is a projective left kQ-module.

6. For any kQ-module M, Hom;q(kQe,, M) = e, M.

1.2 Quiver representations

We now introduce representations of quivers and state the relation between them and kQ-modules.
Definition 1.12. A k-representation of a quiver Q is a tuple W := (W, )yev, (Qa)ack) Where:

* Forall ve V, W, is a finite dimensional vector space over k.



* Forall @ € E, ¢y : Wy(aq) = Wy(q) is a k-linear map.

Definition 1.13. The dimension vector of a representation is the tuple d = (d, := dimW,),cy €
NVl

We have a notion of morphism between representations of a fixed quiver, so that we can think
of them as a category.

Definition 1.14. Let W, W’ be two representations of a quiver Q. A morphism f: W — W’ is
given by a tuple (f, : W, > W,),cy such that the diagram

Wia) e Wh(a)

{ k

—)W’)

commutes for all @ € E.

There are natural notions of direct sums, subrepresentations, kernels and cokernels in the
category of k-representations of a quiver Q, Rep(Q). Indeed, this is actually an abelian category
[Kirl6, Section 1.1].

Definition 1.15. Let W, W’ € Rep(Q), then:

* We define the direct sum W & W’ € Rep(Q) by (W@ W’), := W, @ W, for all v € V together
with the obvious definition for the linear maps associated to each edge.

» We say that W’ is a subrepresentation of W if W, C W, is a vector subspace for all v € V such

that (pa(Wt’(a)) C W}:(a) for all edge a € E.
» If f: W — W is a morphism of representations, then we define the subrepresentations ker f
and imf corresponding to the kernel and image respectively of the maps f, : W, —» W,.

 If W’is asubrepresentation of W, we define the quotient representation, W/W’, as (W/W’), :=
W, /W, together with the obvious definition for the linear maps associated to each edge.

The following lemma shows us that we can identify quiver representations and kQ-modules.
Lemma 1.16. [CB92, Chapter 1] The category Rep(Q) is equivalent to the category of kQ-modules.

Proof. We will only discuss how to associate a kQ-module to a given quiver representation and
vey Wy with structure of kQ-
module. We set @ ... X = Ljy(q,)0Pq, O --0Pq, 0T (q,)(x) With 1, : W, <> W the canonical inclusion

viceversa. For a quiver representation W, we will endow W = (5

and 7, : YW — W, the canonical projection. On the other hand, if W is a kQ-module, define a
representation of Q with W, = e, W and ¢,(x) = ej(q)ax € Wy (q)- O



Many notions of the classical representation theory such as simplicity, semisimplicity and the
existence of filtrations can be translated to the quiver representation setting as we will see now

and in the forthcoming chapter.

Definition 1.17. A quiver representation is said to be simple if it does not have a non-trivial
subrepresentation, semisimple if it can be written as the direct sum of simple representations,
indecomposable if it cannot be written as the direct sum of non-trivial subrepresentations and

absolutely indecomposable if it remains indecomposable if we look at it as a k-representation.

Example 1.18. Consider the one edge Kronecker quiver (see Example 1.4). Note that the repre-
sentations Wy = (W) =k, W, = 0) and W, = (W; = 0, W, = k) are simple. However, the representa-
tion W; = (W; =k, W, = k), (p, =1d)) is indecomposable. Otherwise, we would have W; = W@ W/
which is impossible since W; is not even a subrepresentation of W;.

The following lemma characterizes indecomposable kQ-modules or representations:

Lemma 1.19. [Bril2, Lemma 1.3.3] Given a finite-dimensional module M over the path algebra
kQ, the following conditions are equivalent:

1. M is indecomposable.
2. Any kQ-endomorphism of M is either nilpotent or invertible.
3. Endyo(M) = I ® kId)s where I is a nilpotent ideal.
Remark 1.20. One can show that Endyo(M) is a local ring such that, for k = F,,

[EndioM)l ¢

|Autg(M)l g-1"
For more details on this we refer the reader to [Ben98, Chapter 1] and [Hos18, Lemma 5.17].

And we have the following decomposition theorem, which is a particular case of the Krull-

Schmidt theorem for Artinian modules [Ben98, Theorem 1.4.6]:

Theorem 1.21. [Bril2, Theorem 1.3.4] Any finite-dimensional representation of Q can be written
as direct sum of indecomposable representations. This decomposition is unique up to reordering.

1.3 The standard resolution

The kQ-module point of view on representations of a quiver gives us the following result, known

as the standard resolution.

Theorem 1.22. Let M be a kQ-module. Then, there is an exact sequence

o

J
0 ——— B, kQena) & exyM ———— D,y kQey Bk euM > M > 0



where dy(p ® x) = px for p € kQe,, x € e,M and J,(p®x) = pa ® x — p ® ax for p € kQey,) and
X € ey(q)M.

Proof. We will start by checking that dy is surjective. Let x € M and, by the first two properties in

Proposition 1.11, observe that

80( Zev ®evx) = Zevx =x

veV veV

which gives the desired surjectivity.

Secondly, we will check the exactness of the sequence in the middle. Let p € kQey(,) and x €
ey(a)M. By direct computation,

doodi(p®x)=dyp(pa®x—-p®ax)=pax—pax=0

which means that Im(d;) C ker(dy). In order to see the other inclusion, we need to work a little

bit more. Observe that every element & € (f sev kQe, ®; e, M can be written uniquely as

5=Z Z p®X,

veV p path
such that t(p)=v

where the x,, € ¢;,)M are almost all zero. We set deg(&) := length of the longest path p such that
xp # 0. If p is a non-trivial path with #(p) = v then we can write p = p’a with a € E such that
t(@) = v and p’ a path starting at h(«). Moreover, d1(p’®x,) = p®x, — p’® ax,, where the length
of the path p’ is the length of p minus one. So, recursively one can see that the class of p®x,
modulo Im(d;) always contains an element of degree zero. Consequently, for & € ker(dy) and &’

an element of degree zero in the class of £ modulo Im(d;) we have

0= 3(&) = (€)= ao( Y e ®xgv) Y % e@eM

veV veV veV

which implies that £’ = 0. Thus, £ € Im(d;) and ker(dy) C Im(d).

Finally, we need to check that d; is injective. Suppose there exists a non-zero & € ker(d;). This

EZZ Z p®xa,p

a€eE p, path
such that ¢t(p)=h(a)

element can be written as

where the x, , € ¢;,)M are almost all zero. Let p’ the path of maximal length such that x, ,» # 0,
then
(P ®Xap)=p' a®xsy —p @axyp.

Hence, d{(&) # 0 which leads to a contradiction. O

10



Remark 1.23. The resolution in Theorem 1.22 is a projective resolution of the kQ-module M.
Indeed, for V an arbitrary kQ-module, kQe, ®; V is isomorphic to dim V copies of the projective
module kQe,.

Theorem 1.22 implies the following lemma which will be useful on the forthcoming sections.

Lemma 1.24. Let W, W’ be representations of Q. Then, there is an exact sequence

0 — Hom(W,W’) — (P, ., Hom(W,, W;) — P, Hom(Wy), Wy ) — Ext' (W, W) — 0.

Proof. Let M, M’ be the kQ-modules associated to the representations W and W’ respectively.
We apply the contravariant functor Hom(-, M’) to the standard resolution, so we get the exact

sequence

(/_) Ext!(M,M’) — Ext'(6D,_,, kQe, ® e, M, M’)

0 — Hom(M,M’) —— Hom(ﬁ}vEv kQe, ®e,M,M’) —— Hom(@aeE kQep () ® ex(ayM, M) )

Since both @vev kQe,®; e, M and @aeE kQey(q)®k ea)M are projective, the corresponding func-
tors functors Exti(@vekaev ®k e, M, _) and Ext’(@}aeE kQep(a) ®k eyayM,_) will vanish for all
i > 0. Now, for all v € V, observe that

Hom(kQe, ® e,M,M’) = kQe, & e,M" ®o M’ = kQe,| & Hom(kQe,, M’).
Moreover, Property 6 in Proposition 1.11 gives us that Hom(kQe,, M’) = e,M’. Thus,
Hom(kQe, ®; e,M, M) = e,M" ® e, M’ = Hom(e,M, e, M’).

By the equivalence of categories in Lemma 1.16 we have Hom(e, M, e, M) = Hom(W,, W,). Similar
argument works for the other term in the sequence and the result follows.
O

Corollary 1.25. Let d,d’ € NVl be any two dimension vectors associated to the quiver Q. Then,
for all d-dimensional and d’-dimensional representations of Q, W and W’ respectively, we have
that dim(Hom(W, W’)) — dim(Ext! (W, W’)) is a constant on the dimension vectors d and d’.

Proof. The exact sequence in the previous lemma yields

dim(Hom(W, W’)) + dim( EB Hom(Wy(a), Wy, )) = dim ( @ Hom(W,, w;)) +dim(Ext! (W, W")).

acE veV

Therefore,
dim(Hom(W, W’)) — dim(Ext! (W, W’)) = Zdvd; - Zdt(a)d,’l(a).

veV a€E

11



Remark 1.26. The bilinear form on Z!V,

(d,d’)q = Zdvd; - Zdt(mdé(m

veV a€cE

is commonly known in the literature as the Euler form associated to the quiver Q [Hos18, Defini-
tion 2.4].

12



Chapter 2
Moduli of quiver representations

For a fixed quiver Q and a fixed field k, we are interested in classifying all its k-representations

with fixed dimension vector d € NIV, up to isomorphism. The affine space
Rep(Q,d): @Mat di(a)r At (a) k)

parametrices the the d-dimensional representations over k of the quiver Q. So, we will often write

a representation W € Rep(Q, d) just as a tuple W = (@, )qcg Where ¢, € Mat(dy(q), di(a), k)-

One can consider the orbit space Rep(Q,d)/GL; where GL; := EBVGV
gation. More explicitly, for M = (M, )yey € GL; and @ = (@, : k%@ — k%@) € Rep(Q,d),

GL(ay, k) acts by conju-

M-p=(M a)PaM )aeE (2.1)

The points of this orbit space are in bijection with the desired isomorphism classes of representa-
tions of the quiver Q (see Lemma 2.2). However is generally bad behaved in the sense that it does

not have, in many cases, a suitable algebraic structure.

Example 2.1. Consider the orbit space Rep(Q,2)/GL(2,C) of the two-dimensional complex rep-
resentations of the Jordan Quiver, studied in Example 1.2, which corresponds to the set of 2 x 2
matrices modulo conjugation. If we endow this orbit space with the quotient topology, there are
points which are not closed so it does not admit a structure of complex algebraic variety. To see

this, we consider the image of the set

(s 1)

under the canonical projection Rep(Q,2) — Rep(Q,2)/GL(2,C). This is given by the orbit of the
Jordan block

11

b )

13

(0,1)} C End(C?)



However, this point is not closed in the quotient since its preimage does not contain the point

(1t 1 0
lim = .
t—=010 1 0 1

The previous discussion tells us that we have to think on quotients in a different way and not
necessarily as orbit spaces. To do so, we will use Geometric Invariant Theory (GIT). But before,
we will dive deeper into the geometry of the orbits of the aforementioned action of the group GL,
in Rep(Q,d).

2.1 Geometry of orbits

The main reference we follow in this section is [Kir16, Chapter 2] and we assume k to be an
algebraically closed field. We start with the description of the orbit and stabilizers of the action
at hand:

Lemma 2.2. Let W = (¢, )sck € Rep(Q,d). Then:
1. Ow:=GL;-W ={W’eRep(Q,d)|W = W'}.
2. StabGLd(W) = Ath(W)

Proof. Observe that W’ = (¢, )acE € Ow if and only if there exists M = {M, },cy € GL; such that

M-W= (Mh(a)(paMt_(é))aeE = ((P:x)aeE =W

This is equivalent to saying that M) 0 ¢ = @, 0 My(q), for all a € E. Then, the diagram in Defi-
nition 1.14 commutes which means that M is a morphism of d-dimensional representations of Q.

Moreover, since M is invertible, W = W’ and the first part of the lemma follows.

The second statement of the lemma is a direct consequence of the previous discussion. Observe
that M € Stabgy (W) C GL; satisfies My(q)Pq = @oMy(q) for all a € E. That is, M is an automor-
phism of W € Rep(Q, 4d). O

As the action on GL; in Rep(Q,d) is algebraic, we are particularly interested in understanding
the closed orbits which are precisely the points of the GIT quotient that we will define in the next
section. We start with a proposition that relates the orbits of direct sums of representations with

extensions.

Proposition 2.3. Let

0 s W’ s W s W s 0

be an exact sequence of representations of Q. Then Oy gy~ C O .

14



Proof. We choose an isomorphism W = W’@® W” as vector spaces. Then, for all a € E,

%:[fp; Mff]-
0 ¢;

Here ¢,, ¢, and @] are the corresponding linear maps between the source and the target vector

spaces, of the representations W, W’ and W” respectively, associated to a € E.

We consider as well the one-parameter subgroup A : G,, — GL; given by

tIdg; ) 0
0 Iddim(W,,”) veV

A(t) - = {[q%ét tf;?)} :
a acE

Making t — 0 we can see that W@ W” is in the closure of Oy from which the result follows. [

and observe that

Now we introduce a useful definition that will help us to state the main results of the section:

Definition 2.4. A filtration, F, for a quiver representation W € Rep(Q, d) is a decreasing chain of
subrepresentations
W=Wy,oW,DW,>...0W, ={0}

and the associated graded representation is

gr F = @ W;/Wij,1 € Rep(Q, d).
Lemma 2.5. Let W = ((W,)yev, (Qa)ace), W € Rep(Q,d). Then:
1. If W = gr F for some filtration F of W, then Oy C Oy .

2. If the orbit Oy is closed, then the converse also holds. That is, if Oy C Oy then W’ = gr F
for some filtration F of W.

Proof. By induction on the length of the filtration and Proposition 2.3 we can show the first state-

ment of the theorem.

For the converse statement, we will need a lemma which tells us that for a closed and GL -
invariant subset Y C Rep(Q,d) such that Y N Oy # @, there exists a one-parameter subgroup
A:G,, — GL; such that lim,_,q A(t)-W € Y [Kem78, Theorem 1.4]. So if we assume that Oy C Oyy,
by the aforementioned lemma and the fact that Oy is closed, there exist a one-parameter sub-
group A such that lim; ,g A(t)- W = Wy = (Wo)vev, (90,0 )ace) for some Wy = W,

This one-parameter subgroup induces as well a G,,,-representation on the family of vector spaces

15



underlying W and, by a well-known fact from algebraic group theory [Spr98, Section 3.2.13], we

w, = Hw;

nez

can decompose, for all vertex ve V,

where A(t)|wy = t". Therefore, for all edge « € E, the linear maps ¢, : W;(,) — Wjyq) can be writ-
ten as ¢, = P pa"" for pg" : Wt’Za) — W,;’Za) linear maps.

By the previous discussions, the action of G,, on the family (¢,).cr is given by A(t) - @, =
Y " pp" so Wy = lim;_,o A(t) - W exists if and only if ¢5"" = 0 for all m < n because otherwise

t"~" — 00 as t — 0. This implies that the subspaces W=k = (W=}, ./, where
Wik = pw,
m>k

define subrepresentations of Q. Thus, we get a filtration, F, of W:
o WELoW0 w5

where W=" = 0 for n > 0 and W=" = W for n < 0. The underlying vector spaces, associated to

the corresponding graded representation, are given by
(8r F)o = P Wz = wy
neZ neZ

for all v € V. And the corresponding linear maps, attached to each edge a € E, will be given by
P pa" =1lim; g A(t) - @4 = @o,o- Therefore, gr F = Wy = W’ which concludes the proof. d
The following example deals with a type of filtration of particular interest to us:

Example 2.6. A filtration, 7, of W € Rep(Q, d) is said to be a composition series if all the quotients
W;/Wj,, are simple representations. Its corresponding graded representation, W* := gr F, is

called the semisimplification of W as it is a semisimple representation.

The Jordan-Holder theorem asserts that any two composition series for W have the same length
and that the sets of simple representations appearing in its graded representations, counted with
multiplicity, are the same [Ben98, Theorem 1.14], [Kir16, Section 2.3]. The latter means that W*°

does not depend on the choice of the composition series which justify the notation adopted.

With what we have learned about the action of GL; on Rep(Q, d) we can now state and prove

the main result of this section.
Theorem 2.7. Let W € Rep(Q, d), then

1. Oy is closed if and only if W is semisimple.

2. The closure of Oyy contains a unique closed orbit, namely the orbit of its semisimplification,
OWSS .
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Proof. We start with the proof of the first part of the theorem. By Lemma 2.5 we have that
Oyyss C Oy so if Oyy is closed then W is semisimple. Now, we prove the converse so we assume W
to be semisimple. If there exists a closed orbit contained in Oy, by the second part of Lemma 2.5,
Oyy is closed. So we only need to check what happens in the case where, hypothetically, Oy, does
not contain closed orbits. It is a standard fact of actions of algebraic groups on vector spaces that
the closure of Oy is a union of orbits [Kir16, Section 2.2], so let Oy C Oy be a non-closed orbit.
Then, we can find a GL;-invariant polynomial whose value on the semisimplifications of W and
W’ is equal if and only if these are isomorphic [Bril2, Lemma 2.3.3]. But, as it is continuous, such
a polynomial must be constant on orbits and its closures meaning that the semisimplification of

W’ must coincide with W. Thus, Oyy is closed.

For the second part of the theorem, let us assume that there are two closed orbits Oy, and Oy,
contained in Oyy. Then, by the second part of Lemma 2.5, we have that there must exist filtrations,
F and 5, of some representation V, such that Wy = gr /; and W, = gr F,. But, since these two
orbits are closed, W; and W, are semisimple representations and, therefore, by the Jordan-Holder

theorem we must have that Wy = W,. O

The following corollary partially explains Theorem 2.9 which, as we will see, is one of the

main motivations for considering linearized GIT quotients.

Corollary 2.8. Let Q be a quiver without oriented cycles, then Rep(Q, d) contains a unique closed

orbit, namely the orbit of the trivial representation, which lies in the closure of any other orbit.

Proof. For all v € V, let S” be the simple representation of Q such that S’, = k%' together with
the zero morphism for every edge a € E. One can show that every simple representation of
Q is isomorphic to S” for some v € V [Bril2, Proposition 1.3.1]. Therefore, the origin or zero
representation will be the unique point in Rep(Q,d) being semisimple. Moreover, every other

orbit closure contains the origin’s orbit. O]

2.2 A few words on Geometric Invariant Theory

Since Rep(Q,d) is an affine variety (it can be identified with an affine k-vector space) and GL,
a reductive algebraic group, a reasonable quotient may be given by the prime spectrum of the
finitely-generated algebra of GL;-invariant polynomials (see [New78, Theorem 3.4]) on the vector
space Rep(Q,d),

Rep(Q,d) / GL,; := SpeC(Or?jS(Q,d))'

This is a categorical quotient in the sense that there exist a surjective morphism p : Rep(Q,d) —
Rep(Q,d) / GL4, induced by the injection OIC{;eL;(Q,d) < Ogep(Q,d), Such that every GL;-invariant
morphism of schemes f : Rep(Q,d) — Y factors uniquely through p. And, moreover, one can
show that the fiber above any point of the GIT quotient via p is stable under the action of GL,
and contains exactly one closed orbit [Rei08, Section 3.3]. This means, in the words of Theorem

2.7, that p sends a representation to its corresponding semisimplification.
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The following theorem due to Le Bruyn and Procesi gives us a better understanding of the al-

GL, ) . ) .
gebra ORep(Q,d) and therefore of the categorical quotient in consideration.

Theorem 2.9. [LBP90, Theorem 1] The algebra of invariants Ogj;(Q 4 18 generated by traces of

oriented cycles in the quiver Q.

So, if the quiver Q has no oriented cycles, Ogj;(Q’d) =k and Rep(Q,d) / GL; = {point}. This
theorem shows as well that the categorical quotient may often be reduced to a point which is not
geometrically interesting. Instead, A.King constructed a richer quotient by imposing a stability
condition to the representations we are classifying [Kin94]. In the reminder of this chapter we

will outline King’s approach.

Let X be an affine k-variety, that is, a reduced and separated affine scheme of finite type over
the field k. Assume that G is a reductive algebraic group acting on X and let x : G — G,, be an
algebraic group homomorphism usually called character. We have an action of G on the trivial
line bundle over the variety X, L := X x A} given by g(x,z) = (g-x, x(g7')z). This action extends to
one on the algebra of regular functions of L, O := Ox ®y k[z] = Ox[z], which preserves its natural
grading. Indeed, for any g € G, and fz/ € O a homogeneous component, g-(fz/) = g- f(x(g)z)
which is again a homogeneous component of degree j. Moreover, fz/ will be G-invariant if and

only if ¢- f(x(g)z)) = fz/. Thus, we have the graded decomposition

0S = @Ogg’

j>0

for (”);((j = {f € Ox| f(gx) = x(g)f(x)forall x € X and g € G} and we can consider the quasi-
projective scheme
X/, G:= Proj(Of).

The GIT quotient that we have just constructed, by a G-linearization or linearization of the action

of G on X, has a more interesting geometry as the following example intends to show.

Example 2.10. Let G,, act on Aé by t(x,v) = (tx,ty) and p(x,y) € C[x,y] a G,,-invariant polyno-

mial. Then, as the induced action on polynomials preserves the grading, we must have that

topa(x,y) = pa(t ™ x, t7'y) = t7p4(x,) = palx,y)

for p; the homogeneous component of degree d of p. This implies that p must be constant and
therefore
Aé /| G, = Spec(C) = {point}.

Now we consider the identity morphism yx : G,, —» G,,. Thus,

AZ [ G,y = Proj(Ox) = Proj(C[x, y]) = Pg.
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To better understand the GIT quotient at hand we introduce the following definitions:

Definition 2.11. A point x € X is called x-semistable if there exists d > 1 and f € O;gd such that
x € Xy :={y € X| f(y) = 0}. We denote the set of x-semistable points as XX~*. If in addition, the G-
orbits of Xy are closed in Xy and the stabilizer of x in G is finite, x is said to be x-stable. We denote
the set of y-stable points as XX7°. Finally, two x-semistable points are said to be S-equivalent if

and only if the closure of their corresponding orbits intersect in XA7*°.

The theorem that we are about to state, known as the Hilbert-Mumford criterion, gives us
necessary and sufficient conditions for a point to be semistable or stable when k is an algebraically
closed field. Let A : G,, — G be a one-parameter subgroup of G. For any such subgroup and
character x : G — G,, we define (], ) from the equality x(A(t)) = £A20.

Theorem 2.12. A point x € X is semistable, respectively stable, if and only if for any one-parameter

subgroup A such that lim;_,5 A(t) - x exists we have (A, x) > 0, respectively (A, x) > 0.

As with the non-linearized case, we have an injection OE < O which, after identifying
Proj(Op) with X, induces a map X — X //,, G which we can restrict to the, by definition, open
set XX755

Theorem 2.13. [Dol03, Theorem 8.1] The map
p: XX /), G

is a categorical quotient where any two points x,x” € X*~*° have the same image under this map
if and only if they are S-equivalent. Moreover, there exists an open subset U C X /, G such that

p~}(U) = X*~% and the restriction of p to XX~% is a geometric quotient, that is, an orbit space.

Finally, it is worth mentioning that from the construction of the linearized GIT quotient we
have an injection of algebras or = O}G( — Of which in turn induces a projective morphism of
schemes

n:X/,G>X/G.

As a matter of fact, by Theorem 2.9, if Q is a quiver without oriented cycles, then X /, G will be

a projective variety.

2.3 The moduli space of quiver representations

The goal of the final section of this chapter is to specialize the discussions of the previous two
sections to the quiver setting. First, we observe that the diagonal subgroup A = {(tldg ),ev| t €
G,, € GL;} = G,, acts trivially on Rep(Q,d) so it is contained in the stabilizer of any point. This
implies that the action of GL; factors through the group G, := GL;/A and thus taking a quotient

of the action of GL, is equivalent to a quotient of the action of G .
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For A = (A,),ev € Z!Y! consider the character x, : GL; — G,, given by

((My)yev) = | ] (detn,).

veV

Hence, if one is to induce a linearized GIT quotient from x, one should ask, by the previous
discussion, that x,(A) = 1 or, equivalently, that d - A = 0. If we fix such a character, we will have,

by Theorem 2.13, the categorical and geometric quotients

pc :Rep(Q.d)"'™** - Rep(Q.d) /, Gq and pg : Rep(Q,d)¥™* — Rep(Q,d)¥*/Gy

respectively. The right-most spaces are called the moduli spaces of x ,-semistable and x ,-stable

quiver representations respectively.

In Theorem 2.7, we showed that the Zariski closure of a GL ;-orbit contains a unique closed orbit,
namely the orbit of its corresponding semisimplification. Then, as Rep(Q,d) /, G4 parametrizes
X a-semistable representations up to S-equivalence, this linearized GIT quotient actually classi-
fies the closed orbits of the set Rep(Q,d)X*~*°. Moreover, if we identify Rep(Q,d) //,, G4 with the
aforementioned set of closed orbits, then the map p¢ sends an orbit of Rep(Q, d)**~*° to the orbit
of its corresponding semisimplification.

One of the key points of the construction of these moduli spaces by King was to translate the
GIT stability condition into a representation-theoretic one. Let us then introduce this alternative

notion of stability:

Definition 2.14. Let A € ZV! such that A-d = 0. A d-dimensional k-representation W of the
quiver Q is A-semistable (stable) if A -dim W’ > 0 (A-dim W’ > 0) for all proper and non-trivial
k-subrepresentation W’ Cc W.

Remark 2.15. For A € Z!!, we define the slope of a representation W € Rep(Q,d) as

Zvev _/\vdv
W)==—""———€0Q.
pA(W) Yo d,

We say that W is semistable (stable) if yy(W’) < py (W) (2 (W’) < ur(W)) for all proper and non-
trivial subrepresentations W’ C W. One can show that slope A-stability is equivalent to A-stability
as in the previous definition. We refer the reader to [Rei08, Section 4] for more details on this.

And, as one would expect:

Theorem 2.16. [Kin94, Proposition 3.1] Let A € Z!VI such that A-d = 0. Then a representation
W € Rep(Q,d) is x,-semistable () ,-stable), if and only if W is A-semistable(A-stable).

Remark 2.17. For A = 0, the previous theorem implies that a representation is A-stable if and

only if is simple. For A # 0 we have that every simple representation is A-stable.
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Example 2.18. Let Q be the Kronecker quiver with n edges (see Example 1.4). For the dimen-
sion vector d = (1,1) we can identify Rep(Q,d) = A}’ and the action of GL; = G, x G, on this
space, following Equation 2.1, will be given by (t;,t;)-x = diag(tztl_l,...,tztl_l)x. Also, we note
that Opep(0,4) = k[X1,-..,%,] and that, by Theorem 2.9, o°

Hence, Rep(Q,d) / GL,; = Spec(Ogj;(Q’d)) = {point}.

Rep od) = = k as Q has no oriented cycles.

We now study the GIT quotients and semistable loci for A, = (1,-1) and A_ = (-1,1). Fix a
representation x € Rep(Q,d) and observe that if x # 0, the non-trivial and proper subrepre-
sentations have dimension vector (0,1). On the other hand, if x = 0 we have two possible di-
mension vectors for the proper and non-trivial subrepresentations, these are (0,1) and (1,0). So
if x is a A,-semistable representation, then for every proper and non-trivial subrepresentation,
with dimension vector (dy,d,), we must have (dy,d,)- A, = di —d, > 0 which is absurd. Hence,
Rep(Q,d)* ™ = @. A similar argument when x is assumed to be A_-semistable lead us to con-
clude that Rep(Q,d)*-—% = AL\ {0}

Finally, we will give an explicit description of the GIT quotient Rep(Q,d) /,, GL;. We observe
that the character x, :GL; — G,, is given by (t1,t;) > t,/t; and therefore the action of GL; on
the trivial bundle L = Rep(Q,d) ®/A,1 will be given by (t1,t5) - (x,v) = ((t1,t2) - x,(t1/t2)y). We have
then a graded decomposition

GLd ~ @OX/L

j=0
j
where O;A,kf ={f € k[xy,...x,] | f homogeneous of degree j}. Thus,

Rep(Q,d) /;, GLg = Proj(O5™) = Proj(k[xy, ..., x,]) = P!

and the map p¢ : Rep(Q,d)*~*° — Rep(Q,d) /x, GLg4, introduced in Theorem 2.13, is just the

canonical projection.

We would like to finish this chapter by summarizing, in the following diagram, the moduli
spaces and the corresponding quotient maps that we have introduced along the way:

Rep(Q,d)*™* R e— Rep(Q,d)*—* « open— Rep(Q.d)
Pcl lpc lp
Rep(Q,d)"*/Gy —open Rep(Q.d) [y, Ga W d) | Ga.
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Chapter 3

Nakajima quiver varieties

The quiver varieties we are going to deal with in this section were introduced by Nakajima
with the purpose of studying some type of Yang-Mills equations on a particular class of four-
dimensional manifolds called ALE spaces [Nak94]. These varieties have a rich geometry which
can be studied by exploiting the canonical symplectic structure of the cotangent bundle of the
affine space Rep(Q,d). In our context, Nakajima quiver varieties will reduce our problem at
hand, which is counting absolutely indecomposable d-dimensional representations over [F,, to

count IF,-points on these.

3.1 The moment map and the deformed preprojective algebra

From now on, Q = (V,E, h,t) will be a finite quiver without loops and let Q, Q% its corresponding

doubled and opposite quivers respectively (see Example 1.5). For d € NI, we have a bijection

Rep(Q,d) = Rep(Q,d) ®Rep(Q”,d).

The vector space Rep(Q°P,d) = @ae}z Mat(dy 4, dpa), k) can be identified with the dual of the vec-
tor space Rep(Q, d) via the map

Rep(Q°7,d) — Rep(Q,d)"

(3.1)
(Yo )aee P (Xa)ack = Lacr Tr(Xo Yar))-

Therefore,
Rep(Q,d) = Rep(Q,d)®Rep(Q,d)¥ = T*Rep(Q,d)

where T*Rep(Q, d) stands for the cotangent bundle of Rep(Q, d). In what follows, 7t : T*Rep(Q,d) —
Rep(Q,d) will be the canonical projection onto the first factor.

We consider as well the map

p:Rep(Q,d) — g4
(Xana*)aeE = ZaeE[Xa'Xa*]
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for g; = {(My)yev € alyl) ey Tr(M,) = 0} the Lie algebra of the algebraic group G, (see Section
2.3) and gl the lie algebra of GL,;. This map can be regarded as a moment map with respect to the
symplectic structure of the cotangent bundle T*Rep(Q, d) given by the differential form

W(X,Y) = ZTr — X, Y,) (3.3)

where X = (Xy, Xg-)ack, Y = (Yy, Yo )aer are points in T*Rep(Q,d) = Rep(Q,d) [Hos18, Section
4.1].

Remark 3.1. For the sake of simplicity, we denoted in Equation 3.2,

Zxa,x (ZXX ZXX)V.

a€E a€E a€E
h(a)=v Ha)=v

Our goal now is to understand the fibers of the moment map. Recall the path algebra kQ and
the trivial path e, introduced, respectively, in Definition 1.6 and Definition 1.7, and let A € k.

" = ké/( Z[a,a*] - Z/\vev).

a€eE veV

The quotient

is called the deformed preprojective algebra. By Lemma 1.16, the category of IT*-modules is equiv-
alent to the category of representations ((W,)yev, (Par Pa)ace) of the doubled quiver Q such that

§ PaPar — E PaPa = AvIde (3.4)
acE acE
h(a)=v tHa)=v

for all v € V. In particular, note that

Tr( Z[(Pa,%*]) = Tr(

a€E

ZAvIdWV) =0

veV

The previous discussions can be summarized in the following lemma:
Lemma 3.2. [CBVdB04, Lemma 2.1.1] If A € kIl is such that A-d # 0 then p~(1) = Rep(IT,d) =

Remark 3.3. In the previous lemma we identified tht tuple (A,Idw, ),y with the vector A € KV
and Rep(IT*,d) with the subvariety of Rep(Q, d) given by representations satisfying Equation 3.4
forallveV.

Our goal is to count absolutely indecomposable representations of Q with dimension vector d
over IF, so at this point, is natural to ask how do the double quiver Q and the deformed prepro-
jective algebra IT* fit in this picture. The following proposition is a first step towards answering

this question.

23



Proposition 3.4. [CBO1, Theorem 3.3] Let k be an algebraically closed field and W = (¢, )acE €
Rep(Q,d). Then W € n(Rep(IT*,d)) = r(y~'(A)) if and only if the dimension vector, d’ € zV1, of
any given direct summand of W satisfies A-d’ = 0. In this case, 7~} (W) = Ext!(W, W)".

Proof. We start by taking W’ = W in Lemma 1.24. After dualizing and identifying, via the trace
pairing in Equation 3.1, Rep(Q%,d) = Rep(Q,d)" and gl; = gl we get the exact sequence:

0 — Ext!(W, W)Y —— Rep(Q°P,d) 2B aly %, End(W)¥ —— 0.

We can be more explicit in describing dy and d;. By the equivalence of categories described in

Lemma 1.16 we can see that

91((@&*)0(615) = Z[qoar(Pa*] and 90((9v)vev) = ((‘Pv)vev = ZTI‘(Q,,(PV))

a€E veV

for all (¢4 )ace € Rep(Q°,d) and (0,),cy € gly. In particular, this implies that if W € mt(p1(1))
then ) v A, Tr(¢,) = 0 for all (¢, ),y € End(W).

With the previous discussion in mind, suppose that W € m(u~!(1)) has a direct summand with
dimension vector d’ € NIVl Then, for (¢y)vev € End(W) the morphism given by the projection
onto this summand, we have 0 =) .y A, Tr(¢,) = A - d’ which proves one side of the implication.

For the other direction, by Theorem 1.21 it is sufficient to check the statement for W indecom-
posable whose dimension vector, d € 7!Vl satisfies d - A = 0. We recall that, by Lemma 1.19,
all ¢, : W, > W, in (¢,)rey € End(W) is the sum of a multiple of the identity and a nilpotent
element. More explicitly, there exists t € k such that for all v € V, ¢, = tldgimw,) + N, with
N, a nilpotent matrix. Thus, by considering A as an element in gl;, we can see that éo(/\) =0
and, by exactness of the sequence above, it is in the image of d;. This implies that there exists
W’ € Rep(Q°P,d) such that d;(W’) = A and (W, W’) = W, or in other words, that W € re(u~'(A)).

Finally, observe that w='(W) = {W’ € Rep(Q°P,d)|d;(W’) = A} = (W’ + Ext' (W, W)¥|d, (W) = A}
which gives us the last part of the proposition. O]

3.2 Generic parameters

In order to further explore the relation between y~!(1) = Rep(IT*, d) and the absolutely indecom-
posable representations of Q, we introduce the following definition and discuss some properties

regarding the fibers of the moment map p.

Definition 3.5. A € Z!Vl is said to be generic with respect to the dimension vector d € NIVl if
A-d=0butA-g=0forall0<p<d(f+#0, frdand 0< B, <d, forallveV).

Remark 3.6. Such a generic A exists if and only if d is indivisible, that is, if the greatest common

divisor of the components of the dimension vector is 1. To see this, note that the dimension vector

24



is not indivisible if there exist § € NIVl and ¢ € N such that ¢ = d. On the other hand, A-d =0
implies that A is orthogonal to 4 and therefore to f.

Remark 3.7. The latter definition implies that, over an algebraically closed field, the notions of A-
semistability and A-stability, in the sense of Definition 2.14, coincide. That is to say, Rep(Q,d)*™* =
Rep(Q,d)* for A € ZIV! generic with respect to d. Indeed, if W € Rep(Q,d)*, then for all sub-
representation W’ of W we must have that dim W’- A > 0 but, since A is generic, this inequality

must be strict so W is actually A-stable.

Proposition 3.8. Let A € Z!Vl be generic for the dimension vector d and W € Rep(Q,d)**, then
End(W) =k.

Proof. Let u denote the slope of W (see Remark 2.15). One can show that the subcategory of A-
semistable representations of slope equal to y is full and abelian [Rei08, Section 4]. This means
that for all quiver representation morphism f : W — W both ker f and imf must be A-semistable
and have slope equal to . However, y = 0 since A is generic with respect to d and therefore f
is either the zero morphism or an isomorphism. Finally, if f is an isomorphism, then f must be
given by the multiplication by a non-zero scalar as k is algebraically closed field which concludes
the proof. O

What is more, for fields of characteristic zero or sufficiently large positive characteristic we
can identify the representations of the preprojective algebra, IT*, contained in the latter sets with
the whole set Rep(I—I’\,d):

Lemma 3.9. [CBVdB04, Lemma 2.1.3] Let A € Z!VI be generic with respect to the dimension vector

d. Then, for a field k of characteristic zero or sufficiently large prime characteristic, we have
Rep(IT*,d) = Rep(IT*, d)*~55 = Rep(IT*,d)* .

Proof. First, by Lemma 3.2, observe that representations in the set Rep(IT*,d)* (k) are simple.
Thus, it suffices to prove this claim after base changing to an algebraic closure of k since simple
elements, hence A-stable and A-semistable, of Rep(IT*,d)(k) will remain simple if we see them as
elements of Rep(IT#,d)(k).

If Rep(ITY,d’)(k) # @, then A-d’ = 0 holds in k by Lemma 3.2. But A is generic with respect
to d, then for all d’ < d we have d’-d = 0 in k, for k of characteristic 0 or p > 0. Therefore, any
k-representation in Rep(IT*,d)(k) is A-semistable and A-stable as it has no subrepresentations. [

Remark 3.10. One can use the same argument to see that the last lemma holds for every param-

eter t # 0 € kIV! in the line joining 0 and .

One of the main reasons we are interested in indivisible dimension vectors and generic pa-

rameters is the following:

Lemma 3.11. Let A € Z!VI be generic with respect to the dimension vector d € Z!Vl. Then:
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1. For the restricted projection map
T Rep(l“[",d) — Rep(Q,4d)

we have that 77(Rep(IT*,d)) consist of indecomposable representations.

2. The set of k-points of this image is equal to the subset of absolutely indecomposable k-
representations of Rep(Q,d).

Proof. For the first part of the lemma we assume, by contradiction, that W € n(Rep(IT*,d)) is
decomposable, then, by Proposition 3.4, for every direct summand W’ of W we must have that

dim W’- A = 0 which contradicts the genericity of .

Now we prove the second statement of the lemma. Let W € Rep(Q,d) be an absolutely inde-
composable k-representation. By Definition, this means that if we look at W as a representation
over k, it is still indecomposable (see Definition 1.17). Hence, by Proposition 3.4, W belongs to
n(Rep(IT*, d))(k). Conversely, let W be a k-point of 7t(Rep(IT*,d)), then, by the first statement of
this lemma, W is indecomposable as a representation over k. Assume by contradiction that W
is decomposable as a k-representation then, by scalar extension, W will be decomposable as a

k-representation which is absurd. O]

3.3 One-parameter families

Let A € ZIVl generic with respect to the dimension vector d and L = /A}( be the line joining 0 and

A. We consider the family of fibres of the moment map (see Equation 3.2) over L and define

== ;fl(L) N Rep(a,d)/\_ss /x, Ga-

The moment map induces a G4-equivariant application y~!(L) — L which in turn gives a mor-
phism f : E — L such that

X:= 1) = () NRep(Q.d)* ™ /., Gg.
We will refer to the variety X, as the special fiber and, for t = 0, we will call X; the generic fiber.

Lemma 3.12. There exists a non-empty open subset U C Spec Z such that the family f : E|y — L[y
is smooth [CBVdB04, Lemma 2.1.3].

Proof. Here we think of = and L as schemes over Z rather than over the field k. Indeed, what we
discuss in Section 4.4 remains true for schemes over Z. So, by the spreading out theorem, it is
enough to check smoothness after base changing to Q [Poo17, Theorem 3.2.1]. We first recall, by
Proposition 3.8, that every point W € Rep(IT*,d) is a simple representation. Therefore, by Lemma
2.2, End(W)(Q) = Q and StabGd(@ is trivial.
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Now we recall a standard fact of symplectic geometry which reads that if the differential at W
of the G, action, which is a linear map between tangent spaces g; — T{,‘VRep(é,d), is an injec-
tion then the moment map y is smooth at W [CBVdB04, Lemma 2.1.5]. So the discussion in the
previous paragraph implies that the moment map is indeed smooth at W [Bor91, Chapter II,
Proposition 6.7] and, therefore, in the whole set Rep(Q,d)*™** n u~1(L).

From above, note that the map Rep(Q,d)** N (L) — L must be also smooth. And, on the
other hand, observe that the geometric quotient pg : Rep(Q,d)*~* N u~! (L) — Z (see Section 2.3)
is smooth given that the action of the group G, on this set is free [Rei08, Proposition 3.5]. Finally,
since the diagram

Rep(Q,d)* npu (L) —2%—

\ :

is commutative, we must have surjectivity on tangent spaces on the map f : E — L and hence, the

(1]

(el

desired smoothness. O

Corollary 3.13. For fields of characteristic zero or sufficiently large positive characteristic, the

special fiber, Xy, is smooth.

Proof. The proper closed subsets of Spec(Z) are given by finite unions of non-zero prime ideals
of Z so that every open set contains the generic point given by the zero prime ideal. Thus, the
fibers of a morphism of schemes g : X — U, with U C Spec(Z) open, are X ® Spec(Q) above the
generic point and X ®z Spec(IF,) above every pZ € U with p = 0.

As base change commutes with the formation of GIT quotients and taking semistable open sets
with respect to a linearization (see Section 4.4) we then have the desired result. O

Corollary 3.14. For all t € L, the dimension of the variety X, is
dim(X;) =2-2(d,d)q.

Proof. From Section 2.3 and Remark 3.7 we may identify X; = (3! (t) N Rep(Q,d)***)/G,. Note
that
dim(X,) = dim(u ! (t) "Rep(Q, d)* ™) — dim(Gy) = dim(p~1(t)) — dim(Gy).

Here, we have appealed to the fact that X; is smooth, the G;-action is free and the dimension of
the open subvariety ! (t)"Rep(Q,d)*~* is the same as the dimension of y(t) [Liu02, Proposition
5.19]. Now, observe that dim(G,;) = dim(GL;) —dim(A) = dim(GL;) — 1. On the other hand, from
the proof of Lemma 3.12 we can see that t is a regular value of the moment map, s : Rep(Q,d) —
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g4, therefore, dim(p~1(t)) = dim(Rep(Q,d)) — dim(G4) = 2dim(Rep(Q,d)) — dim(Gy). After com-
bining these equalities, we get:

dim(X;) = 2(dim(Rep(Q, d)) - dim(GLy)) + 2.

The desired result follows from the definition of the Euler form (see Remark 1.26). d

Theorem 3.15. [CBVdB04, Proposition 2.2.1] Fix k = Fp. Let A € ZVIbe generic for the dimension
vector d € NIV, For p >> 0, the number of absolutely indecomposable d-dimensional representa-

tions of the quiver Q over the field IF;, Ag 4(IF,), is given by

Ag,a(Fy) = g~ | Xy (IFy)|
withe=1-(d,d)g = %dim(X/\) andg=p".

Proof. We let Rep(Q,d)*! be the set of absolutely indecomposable representations. From Burn-

side’s formula, see for instance [Hos18, Lemma 5.15], we have that

. 1
A W erep (Qa)(E,)

Since Stabg,(r,)(W) = Aut(W)/A we have that |StabGd(]Fq)(W)| = ¢"!'|[End(W)| by Remark 1.20.
Combining this with Proposition 3.4, which still holds if the field we are working with is not

algebraically closed, gives

-1
q [End(W)|
Ag.a(Fy) = _EndlAL
1Ga(I,)| W WS NE [Ext! (W, W)]
Now we use Corollary 1.25 to obtain
B “H(E)
__1 (ddyo _ Addyo-1 I ()(,
Apq(E) = Q= o A L
) =igumy ) e Ga(F, )

(W, W")ep ! (A)(I,)
The last step consists in showing that

! (A)(IF)]

G, )] = [ X3 ().

By Proposition 3.8, if (W, W’) € u~(A) then End(W, W’) = k and Stabg (W, W’) is trivial. This
implies that the action of G,(IF;) on Rep(H",d)(IFq) is free and therefore

 (A)(E ’Ifl(/\)(ﬂ:q)‘
|Gd(IFq)| - Gd(qu) .

In what is left, we will denote by F the extension of the Frobenius automorphism F : k — k, given
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by x — x9, to G4 and (1) [DM91, Chapter 3]. Let O C p!(1) be an F-stable orbit, then O
contains a IF,-point [DM91, Corollary 3.12] which, as we have seen before, has trivial stabilizer.
Then, the set of points fixed by F, OF C y’l(/\)(IFq), is a single G4(IF;)-orbit [DM91, Proposition
3.21], that is to say, every F-stable orbit contains a unique G4(IF,)-orbit. Therefore

PEED| | N
' Gy () ‘_‘( Gy ) '

Finally, as X is a geometric quotient and Xi = X)(I;) (the set of points fixed by the Frobenius
automorphism are precisely the IF,-points of the variety [Let18, Lemma 5]) we will have that

=
Gy

= X5 = X (F,)|

which concludes the proof.
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Chapter 4

Counting absolutely indecomposable

representations

In the previous chapter we saw that if we know that number of [F;-points of X, then we can
calculate Ag 4(IF;). Unfortunately, there is no much more information we can get from X, and
this is why we fitted X, in the one-parameter family f : & — L. This chapter revolves around
relating the number of IF,-points of the generic and special fibers. After this, we will see that
the IF,-point count of Xj can be quite simplified as the Frobenius morphism action on its étale
cohomology groups satisfies special properties. Finally, at the end of the chapter, we will put all

together and give the promised formula for Ag 4(IF,).

4.1 Hyperkahler structure on quiver varieties

In this section we work over the field of complex numbers. Our purpose is to introduce the hyper-
kihler structure associated to the cotangent bundle T*Rep(Q,d) = Rep(Q,d). After this, we will
discuss a useful application of this to the problem at hand, which is computing Ag 4(IF;). The
main references we follow are [Hos18, Section 4.2 and Section 5.1] and [CBVdB04, Section 2.3].

Consider the hermitian form H : Rep(Q,d) x Rep(Q, d) — C given by

HXY)= Y Tr(X,Y,)

a€E
which gives us a symplectic form on Rep(Q,d) and a canonical identification Rep(Q, d) = Rep(Q, d)".
The isomorphism CxC = H is obtained via the map (z,2,) — z;—jz, so that we have an identifica-
tion T*"Rep(Q,d) = Rep(Q,d)xRep(Q,d) = H" for some n € IN. Right multiplication, by the quater-
nions i, j, k, on H" induces, respectively, the complex structures L],K on T*Rep(Q,d) = Rep(Q, d).

As a matter of fact

. =T =T I =T
I(Xa)aef = (1Xa)aEEl ](XalXa*)aeE = (—Xa*,Xa )aEE and K(XaIXa*)aeE = (_ZXa*lIXa )aeE
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and these endow T*Rep(Q,d) with a hyperkahler structure.

The hyperkahler metric g is, by definition, the real part of the quaternionic inner product (z,w) =
Y i, zzw; on H" where wy stands for the quaternionic conjugate of wy, that is, the map a+ib+ jc+
kd — a—ib—jc—kd. So this metric will be given , for the cotangent bundle T*Rep(Q, d), by

o(X,Y) = Re( XTr(xa?;")).
a€cE
One can write (-, —) = ¢ —iwy — jwj — kwg where wy, wy, wg are symplectic forms defined as wy =
g(I-,—) and so on. Indeed

wr(X,Y) = wr(X,Y) = Im( ZTr(YZYa))

acE

and wg := wj + iwk is the symplectic form in Equation 3.3.

We now observe that the hermitian form H is invariant with respect to the action of the max-
imal compact subgroup U, := [[,cy U(a,) < GL; on Rep(Q,d). Then the induced Uj-action
on T*Rep(Q,d) preserves the symplectic forms wj,wj and wg and so there are associated mo-
ment maps py, iy, pix : T*Rep(Q,d) — uj, where u} stands for the Lie algebra of Uy, defined by
p(X)(Y) = —%a)I(X, Y X) and so on. Moreover, if we identify 1, = u;/ via the trace pairing we can
write .
pR(X) = p(X) = 5 ) [Xa X, ]
a€E

and observe that pg¢ := pj + ik is the moment map in Equation 3.2. Now that we have briefly
reviewed the hyperkahler structure associated to T*Rep(Q,d) we can state the main result of this

section.
Proposition 4.1. The family f : £ — L is topologically trivial [CBVdB04, Lemma 2.3.3].

Proof. We start by combining the three moment maps described above into the so called hyper-

kahler moment map:

pnk : Rep(Q,d) — Im(H) ®g 1))
X i@u(X)+j®p(X)+k® px(X).

Now, observe that ppk is [H*-equivariant with respect to the left action of IH* on Im(IH) given by
B-a = pap. Indeed, ppx(X - B) = Buux(X)B for any X € Rep(Q,d) and p € H*.

The restriction of the IH*-action to the set Im(IH)? := Im(IH) \ {0} is transitive so for a fixed
a € Im(IH)?, the map —- a : H* — Im(IH)? admits a continuous section s : C — IH* for C c Im(IH)°
contractible which contains «. Then, for any coadjoint fixed point A € 1}, there is a local contin-
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uous trivialization
P (@® M) x C = pk (C® A)
(X,c) > X-s(c)

which is Uj-equivariant and therefore there is a homeomorphism
(Hk (@ ® A) x C)/Uy = pic (C® A)/U,.

We consider a =i and the subset C = {i + jC} = C. By construction we have that yﬁlK(a ®A) =
pgR (M) N pg(0) and pgi (C®A) = pgt (M) N g (CA) = pg! () Npgt (L) so that the previous discussion

gives us a trivialization

(R (1) N g (0))/Ug x € = (ug! (A) N g (L))/ U

Finally, we remark that the Kempf-Ness theorem [MFK94, Theorem 8.3] can be generalized to
the GIT quotients obtained from linearizations and the moment maps coming from hyperkahler

structures. This gives us the homeomorphism
XoxC=E.

We refer the reader to [Kirl6, Section 9.10] for a more detailed exposition of this version of the

Kempf-Ness theorem. O

4.2 Ftale cohomology and point counting over finite fields

Let X be a variety over Fq. By an [F;-structure on X we mean a variety X’ over [F; such that
X = X' x, Spec(Fq). As pointed out in the proof of Theorem 3.15, an Fq—structure comes
equipped with a morphism F : X — X, known in the literature as the geometric Frobenius mor-
phism, which can be regarded as an extension of the usual Frobenius automorphism and whose
fixed locus is the set of IF;-points or rational points of the variety X. We refer the reader to [DM91,
Chapter 3] for a more detailed exposition of what we have just discussed.

The Grothendieck trace formula is a classical result regarding rational point counting in a vari-

ety defined over a field of positive characteristic. It reads as follows:

Theorem 4.2. Let X = X ’xlpq Spec(ﬁq) be an smooth variety over Fq endowed with an [F;-structure

and let F: X — X be the associated geometric Frobenius. Then, for char(IF,) =/,

2dim X

X' (Bp)l = ) (=1)'Tr(E"[HL(X, Q).

i=0

Here,
F":H{(X,Q)) — H{(X,Q))
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stands for the linear map of Q;-vector spaces induced by the n-th iteration of the geometric Frobe-
nius and the H/(X,Q;) correspond with the compactly supported I-adic cohomology groups of X
[Del77, Rapport, Theorem 3.2].

Let us discuss further on the cohomology groups involved in the last theorem. As the usual
compactly supported singular cohomology groups for varieties defined over the complex num-
bers, these cohomology groups have the following properties [Hos18, Section 5.3], [Mil13, Chap-
ter 1]:

+ (Finiteness) H!(X, Q) are finite dimensional Q;-vector spaces.

* (Functoriality) For every proper morphism ¢ : X — Y there is a map ¢* : H{(Y,Q;) —
H{ (X, Q).

« (Dimensionality) H:(X,Q;) = 0 for i > 2dim X.

* (Gysin sequences) For any decomposition X = Z LI U with Z closed, there is a long exact

Sequence ) . ‘ ’
v —— HI(U,Q)) — HI(X,Q)) — H{(Z,Q) — HIY(U,Q)) — -

* (Leray spectral sequences) For a rank n vector bundle X — Y we have an isomorphism
H{(X, Q) = HI>'(Y, Q) @ HZ (A, Q)*".
* (Poincaré duality) For smooth varieties we have H'(X, Q) = H24mX=i(X, Q).

In order to conclude something out of the formula in Theorem 4.2 one needs to understand well
the eigenvalues of the linear map induced by the geometric Frobenius morphism. Weil’s conjec-
tures, proved by Deligne, imply that if X is smooth and proper, then these eigenvalues have all
absolute value ¢”/? for all choice of embedding Q; < C [Del74, Theorem 1.6]. This prompts the

following definition:

Definition 4.3. The variety X is said to be (cohomologically) pure if all the eigenvalues of the linear
map F : H{(X,Q;) — H!(X,Q;) have absolute value q"/2.

Now, let us introduce a definition, which combined with the one of purity eases many com-

putations.

Definition 4.4. Let X = X’XIFq Spec(IF;) be a Fq—variety together with an [F-structure. We say that
X" is polynomial count if there exists a polynomial p(t) € Q[t] such that for all r > 0, |X"(IF,/)| = p(q").

Lemma 4.5. [CBVdB04, Lemma A.1] Assume that X is smooth, pure and polynomial count with
counting polynomial being p(t) € Q[¢]. Then:

1. X does not have odd cohomology.

2.

dim X ) _
p(9)= ) dimHX(X,Q)q
i=0

and in particular p(t) € IN[f] .
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Example 4.6. Consider the projective space over [F;. By direct calculation we can see that
IP"(F,)|=1+q+...+q"
which agrees with the previous lemma as the etale cohomology groups of P" are

Q; ifiiseven,

0 ifiisodd.

Hi(P", Q) =

4.3 Purity of the special fiber

The purpose of this section is to show that the variety X is pure. Let us recall, from Section 3.3,
that

Xo=p'(0)NRep(Q,d)*™ //,, Gy

and, from Section 2.3, that there is a projective morphism p : Xy — Aff(X;) := p~1(0) / G4. The
idea is to see that there is an induced action of the torus, G,,, on these varieties which gives rise
to a Bialynicki-Birula decomposition. This decomposition together with the properties of étale
cohomology discussed in the previous section will allow us to conclude on the desired purity. We
start with a useful definition introduced in [HRV15].

Definition 4.7. A G,,-action on a smooth quasi-projective variety X is said to be semi-projective if

XGn is projective and for all x € X, lim,_,t - x exists in X .

The torus G,, acts on Rep(Q, d) by scalar mulitplication and the unique fixed point is the ori-
gin. In fact, the limit of every point in Rep(Q, d) under the action of t € G,, as t — 0, exists and is
equal to the origin so this action is semi-projective. Moreover, the action commutes with the GL,
action on Rep(Q,d) and the algebraic moment map is G,,-equivariant with respect to this action
and the weight 2 action of G,, on the lie algebra gl;. Hence, there is an induced action of G,, on
#71(0) and the GIT quotients X, and Aff(Xy) such that p : X; — Aff(Xy) is G,,-equivariant [Hos18,
Section 5.2].

With the previous discussions in mind one can show:
Proposition 4.8. The scaling action G,, on X is semi-projective [Hos18, Proposition 5.7].

Proposition 4.9. Let X be a smooth quasi-projective variety together with a semiprojective G,,-
action, then X is pure [CBVdB04, Proposition A.2].

Proof. Let XGn = jej Xj be the decomposition of the fixed locus into connected components. The
hypotheses imply that there is a Bialynicki-Birula decomposition [BB73, Theorem 4.1]:

X:uxj+

i€l

34



where X]f’ = {x € X[lim;_,ot - x € X;} and the limit map X}T — Xj is a vector bundle. Moreover,

since X is quasi-projective, there is a filtration
o=YyCcY,C...CcY,=X

such that Y;,1 \ Y; is equal to one of the X]T [BB76, Theorem 3].

By hypothesis, we have that the smooth varieties X; are projective and, therefore, they are pure
[Del74, Theorem 1.6]. One can see that H!(A!,@Q) is a one-dimensional vector space for i = 2
and zero-dimensional for i < 2. Therefore F* : H}(A!,Q;) — H2(A',Q) is the morphism given
by multiplication by a scalar A. By the Grothendieck trace formula we can then conclude that
A = gq. Thus, by the etale cohomology property on Leray spectral sequences in Section 4.2, we
can deduce that the X]fr are also pure since the eigenvalues of the Frobenius morphism acting on
Hé(X;“,Ql) = Hg‘Z”(Xj,Ql) ® H?(A',Q;)®" have absolute value equal to g(i=2"/2g" = ¢'/2,

The last step is to work with the aforementioned filtration and the Gysin sequences introduced in
the previous section. At each stage of the filtration we obtain, by the purity of X]fr, a short exact
sequence of vector spaces which splits and gives purity for all Y;. Indeed, note that Y; = X}: and

Yo\ Y, = X].J; for some ji, j, € J. Then, we have the short exact sequence:
0 — HX (X!, Q) — HY(Y2,Q) — HY(X/,Q) — 0.

which gives the isomorphism H>(Y,,Q;) = chi(X]f;,Ql) GBHCZi(XjJ;,Ql) and the purity of Y,. By

repeating this process we can conclude that Y, = X is pure. O
Corollary 4.10. The special fiber, X, is pure.

Proof. This follows from a direct application of the last two propositions. O]

4.4 Relating the cohomology of the special and generic fibers

In this section, we would like to relate the cohomology groups of the special and generic fibers
of the one-parameter family f : £ — L and by doing this, the counts |X((IF;)| and |X,(IF;)|. To
do so, we will need to base change the schemes at hand between the field of complex numbers
and various finite fields. However, we are working with GIT quotients and taking invariants and
semistable sets does not commute with base changing over arbitrary rings. For us, it will be suf-

ficient to check this commutativity over a special finitely generated Z-algebra.

The Z-algebra we will be working with is R := Z[1/N] for N € Z such that p{ N. If G is a reductive
group scheme over R acting on a quasi-projective R-variety, X, with respect to the linearisation
induced by a character, the formation of the GIT quotient commutes with the base changes previ-
ously discussed. More explicitly, we have the following result due to Seshadri [Ses77] and which
we will present as in [CBVdB04, Appendix B].
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Theorem 4.11. Under the hypothesis of the previous paragraph, there is a non-empty open sub-
scheme U C Spec(Z[1/N]) over which taking GIT semistable sets and GIT quotients commutes
with base change. That is, for all points s : Spec(k) — U, we have

X3 1Speclk) = (Xxzpy Spec(k))* and (X /G)xz 3 Spec(k) = (Xxz 4 Spec(k) /(G 1 Spec(k))

v

We now specialize all this to the quiver varieties setting. The framework is the following: we
can define the affine space Rep(Q,d), the group GL,, the moment map y and the corresponding
GIT quotients, X, and X, over the finitely generated Z-algebra Z[1/N]. It is worth mentioning
that to consider these GIT quotients over this Z-algebra is possible thanks to Seshadri’s general-
ization of GIT to arbitrary base rings [Ses77, Section 1.2].

On the other hand, observe that an open subset U C Spec(Z[1/N]) is of the form U = Spec(Z[1/M])
for some N|M. Since p { N we can base change to IFp and all its field extensions [Hos18, Section
5.6]. By considering the generic point of U, we see that we can base change to Q and all its fields

extensions, such as C. In brief, we have the following base changes

X, ———— X, s X < X

L] |

Spec(Fp) — Spec(Fy) ——— Spec(Z[I%,]) ——— Spec(C)

and for N large enough, these base changes commute with GIT quotients and semistable sets by

the previous theorem.

Proposition 4.12. For a finite field IF; of sufficiently large characteristic p, we have
| Xo(Ig)[ = X (IF)l-

Proof. The strategy of Crawley-Boevey and Van der Bergh is to show that the etale cohomology
groups of the special and generic fibers coincide when the characteristic of the field is taken to be

large enough. We now briefly explain the proof of this fact.

As in Lemma 3.12, we assume that Z and L are defined over Z so the first step is to check that
R f,(Q) is constant over an open subset of the base Spec(Z) [CBVdB04, Proposition 2.3.1]. To
see this, one uses Deligne’s generic base change theorem for direct images [Del77, Th. Finitude,
Theorem 1.9], the topological triviality of the family f : 2 — L over C that we showed in Proposi-
tion 4.1 and the comparison theorem between etale and singular cohomologies [BBD82, Chapter
6 Section 1.2].

Using the previous result and the fact that R fi commutes with base change one can see, for
p > 0 that R'f,Q; = R'f;;Q; on Spec(IF,) where fy and f, are the restrictions of the morphism

f to the special and generic fibers respectively. Now, one can see that R fy(Q;) = Hci(XO,E’Ql)
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and R'f),(Q)) = (X/HF ,Q;) so that H/(X 0F,’ ,Qp) = Hé(X,\,iq;Ql)- One of the key points is that
this isomorphism is compatlble with the actlon of the Frobenius morphism which means that the
rational point count that we will obtain by the Grothendieck trace formula, in Theorem 4.2, will

be the same.

There is however, another proof of this fact, due to Nakajima [CBVdB04, Appendix by Hiraku
Nakajima], involving the Bialynicki-Birula decomposition of both the total space of the family
f : E = L and the special fiber, X, with respect to an action of the torus, G,,, on Z which we
now review. This action, introduced by Nakajima in [Nak94, Section 5], is such that f is G,,-
equivariant with respect to the weight one action of the torus on the affine line L and such that

for every & € E, lim;_,ot - £ exists.

The first observation is that X; is isomorphic to X;, for all non-zero t,t, € L = /A1 Thus, for
us will be enough to show that |Xo(IF,)| = [X;(IF;)|. Let ZGn U]€] Y; be the decomposition of
the fixed locus of the G,-action into connected components. Clearly, each of the Y; is a smooth
projective variety contained in X as the map f is G,,-equivariant with respect to the weight one
action of the torus on L. The Bialynicki—Birula decomposition of E [BB73, Theorem 4.1] is then
given by: E = |_|]e] ; where &; = {£ € E[lim;_,gt- & € Y;} and the limit map E; — Y] is a vector
bundle. Thus we have that

S = ) 55 = ) q"IY;(E,)

jel jel

where n i stands for the rank of the aforementioned vector bundles.

One can also consider the Bialynicki-Birula decomposition of the special fiber, X, = |_|je]XO,j
where the X, ; are defined as usual and the limit maps X ; — Y; are as well vector bundles. Now,

the key observation here is that the tangent space of Z, at a point in Z&»

, decomposes as the sum
of the tangent space of X, which corresponds to the fiber direction, plus a one-dimensional space
corresponding to the base direction. Thus, X, ; — Y; is a vector bundle of rank n; — 1. It follows

that

_ .
Xo(Fp)l = )Xo ()l = )_a" ' ¥j(E)) = ZIE(E,).
i€l jel
Finally, note that
2l = ) IXa(F)l = (9= 1)IXy ()| + Xo (I, ).
A€,
By combining the previous two equalities we obtain the desired result. O
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4.5 Kac’s conjectures and count of absolutely indecomposable repre-

sentations

Before stating the main result of this memoir, we recall a result due to Kac which was one of the

motivations for the work of Crawley-Boevey and Van der Bergh [CBVdB04].

Theorem 4.13. The number of absolutely indecomposable quiver representations over I, Ag 4(IF,),
does not depend on the orientation of Q. Moreover, Ag ,4(IF;) is a polynomial in g with integer

coefficients [Kac83, Chapter 1, Section 13, Lemmal].

The following theorem, besides providing us with a formula to count the absolutely inde-
composable representations we are interested in, also shows a conjecture by Kac regarding the
positivity of the coefficients of the polynomial Ag 4(IF,) under some assumptions [Kac83, Chap-

ter 1, Section 15, Conjecture 2].

Theorem 4.14. Let Q be a quiver without loops and d € N!VI an indivisible dimension vector.
For a generic stability parameter A with respect to d and for a finite field of sufficiently large

characteristic, we have

e
Aga(Ey) =) dimH>* % (Xo,C)q’
i=0

where e = %dimXO and X is the moduli space of A-stable representations in Rep(I1°,d).
Proof. Let [F; be a finite field of characteristic p sufficiently large such that Lemma 3.12 and
Theorem 4.11 hold. By Theorem 3.15 and Theorem 4.13 we deduce that the FF,-variety X} is

polynomial count with counting polynomial given by the equality

Ag,a(IFy) = g~ IX ) ().

Since p is sufficiently large, by Proposition 4.12, this point count coincides with the one of the

special fiber Xj. Recall, by Corollary 4.10, that X, is pure and since smooth, by Lemma 4.5,

2e
AQ,d(IFq) = dim HCZZ(XOr Ql)ql_e
i=0

where e = £ dim X, and | # p prime.

We can consider the family f : E — L over Z[1/N], with N sufficiently large such that p { N,
as in the past section. Thus, we can base change X, from Fq to C and obtain a complex variety
Xo,c- Is important to observe that this variety, by the GIT commutativity stated in Theorem 4.11,
is the special fiber of the one-parameter family f : &= — L when the ground field is taken to be

the field of complex numbers. Thus, by the smooth base change theorems and the comparison
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theorems [Mil80, Chapter VI, Corollary 4.2], [BBD82, Chapter 6 Section 1.2] we obtain
2e ' ' e ‘ )
Aga(F) =) dimHZ (X0, €)' = ) dim HZ"?*(Xp.¢, ©)q',
i=0 i=0

Here, the right-most equality is obtained from the fact that Ag ;4(IF;) must be a polynomial in
g and the cohomology groups are the singular cohomology groups of the complex variety X, ¢.

From Poincaré duality, for the smooth variety X, ¢, we then have

e
Aga(Fy) = ) dimH* ™ (Xoc, C)q’
i=0

which is the desired result.

39



Bibliography

[BB73]

[BB76]

[BBDS2]

[Ben98]

[Bor91]

[Bril2]

[CB92]

[CBO1]

[CBH98]

[CBVdB04]

[CdS01]

A. Bialynicki-Birula. Some theorems on actions of algebraic groups. Ann. of Math.
(2),98:480-497, 1973.

A. Bialynicki-Birula. Some properties of the decompositions of algebraic varieties
determined by actions of a torus. Bull. Acad. Polon. Sci. Sér. Sci. Math. Astronom.
Phys., 24(9):667-674, 1976.

A. A. Beilinson, ]. Bernstein, and P. Deligne. Faisceaux pervers. In Analysis and
topology on singular spaces, I (Luminy, 1981), volume 100 of Astérisque, pages 5-171.
Soc. Math. France, Paris, 1982.

D.]J. Benson. Representations and cohomology. I, volume 30 of Cambridge Studies in Ad-
vanced Mathematics. Cambridge University Press, Cambridge, second edition, 1998.

Basic representation theory of finite groups and associative algebras.

Armand Borel. Linear algebraic groups, volume 126 of Graduate Texts in Mathematics.

Springer-Verlag, New York, second edition, 1991.

Michel Brion. Representations of quivers. In Geometric methods in representation

theory. I, volume 24 of Sémin. Congr., pages 103—144. Soc. Math. France, Paris, 2012.

William Crawley-Boevey. Lectures on representations of quivers, 1992. Available at:

https://www.math.uni-bielefeld.de/~wcrawley/quivlecs.pdf.

William Crawley-Boevey. Geometry of the moment map for representations of quiv-
ers. Compositio Math., 126(3):257-293, 2001.

William Crawley-Boevey and Martin P. Holland. Noncommutative deformations of
Kleinian singularities. Duke Math. J., 92(3):605-635, 1998.

William Crawley-Boevey and Michel Van den Bergh. Absolutely indecomposable
representations and Kac-Moody Lie algebras. Invent. Math., 155(3):537-559, 2004.
With an appendix by Hiraku Nakajima.

Ana Cannas da Silva. Lectures on symplectic geometry, volume 1764 of Lecture Notes in

Mathematics. Springer-Verlag, Berlin, 2001.

40


https://www.math.uni-bielefeld.de/~wcrawley/quivlecs.pdf

[Del74]

[Del77]

[Del80]

[DM91]

[Dol03]

[Duc21]

[Gin12]

[Har77]

[HLRV13]

[Hos15]

[Hos18]

[HRV08]

[HRV15]

[HS20]

Pierre Deligne. La conjecture de Weil. I. Inst. Hautes Etudes Sci. Publ. Math., (43):273-
307, 1974.

Pierre Deligne. Cohomologie étale, volume 569 of Lecture Notes in Mathematics.
Springer-Verlag, Berlin, 1977. Séminaire de géométrie algébrique du Bois-Marie SGA
43.

2

Pierre Deligne. La conjecture de Weil. II. Inst. Hautes Etudes Sci. Publ. Math.,
(52):137-252, 1980.

Frangois Digne and Jean Michel. Representations of finite groups of Lie type, volume 21
of London Mathematical Society Student Texts. Cambridge University Press, Cam-
bridge, 1991.

Igor Dolgachev. Lectures on invariant theory, volume 296 of London Mathematical So-

ciety Lecture Note Series. Cambridge University Press, Cambridge, 2003.

Antoine Ducros. Introduction a la théorie des schémas, 2021. Available at: https:

//webusers.imj-prg.fr/~antoine.ducros/Cours-schemas.pdf.

Victor Ginzburg. Lectures on Nakajima’s quiver varieties. In Geometric methods in
representation theory. I, volume 24 of Sémin. Congr., pages 145-219. Soc. Math. France,
Paris, 2012.

Robin Hartshorne. Algebraic geometry. Graduate Texts in Mathematics, No. 52.
Springer-Verlag, New York-Heidelberg, 1977.

Tamas Hausel, Emmanuel Letellier, and Fernando Rodriguez Villegas. Positivity for
Kac polynomials and DT-invariants of quivers. Ann. of Math. (2), 177(3):1147-1168,
2013.

Victoria Hoskins. Moduli problems and geometric invariant theory, 2015. Available

at: https://www.math.ru.nl/~vhoskins/M15_Lecture_notes.pdf.

Victoria Hoskins. Parallels between moduli of quiver representations and vector bun-
dles over curves. SIGMA Symmetry Integrability Geom. Methods Appl., 14:Paper No.
127, 46, 2018.

Tamas Hausel and Fernando Rodriguez Villegas. Mixed Hodge polynomials of char-
acter varieties. Invent. Math., 174(3):555-624, 2008. With an appendix by Nicholas
M. Katz.

Tamas Hausel and Fernando Rodriguez Villegas. Cohomology of large semiprojective
hyperkahler varieties. Astérisque, (370):113-156, 2015.

Victoria Hoskins and Florent Schaffhauser. Rational points of quiver moduli spaces.
Ann. Inst. Fourier (Grenoble), 70(3):1259-1305, 2020.

41


https://webusers.imj-prg.fr/~antoine.ducros/Cours-schemas.pdf
https://webusers.imj-prg.fr/~antoine.ducros/Cours-schemas.pdf
https://www.math.ru.nl/~vhoskins/M15_Lecture_notes.pdf

[Kac83]

[Kem78]

[Kin94]

[Kirl6]

[KR86]

[Lan02]

[LBP90]

[Letl13]

[Let18]

[Liu02]

[MFK94]

[Mil80]

[Mil13]

[Muk03]

Victor G. Kac. Root systems, representations of quivers and invariant theory. In
Invariant theory (Montecatini, 1982), volume 996 of Lecture Notes in Math., pages 74—
108. Springer, Berlin, 1983.

George R. Kempf. Instability in invariant theory. Ann. of Math. (2), 108(2):299-316,
1978.

A. D. King. Moduli of representations of finite-dimensional algebras. Quart. ]. Math.
Oxford Ser. (2), 45(180):515-530, 1994.

Alexander Kirillov, Jr. Quiver representations and quiver varieties, volume 174 of Grad-

uate Studies in Mathematics. American Mathematical Society, Providence, RI, 2016.

H. Kraft and Ch. Riedtmann. Geometry of representations of quivers. In Representa-
tions of algebras (Durham, 1985), volume 116 of London Math. Soc. Lecture Note Ser.,
pages 109-145. Cambridge Univ. Press, Cambridge, 1986.

Serge Lang. Algebra, volume 211 of Graduate Texts in Mathematics. Springer-Verlag,
New York, third edition, 2002.

Lieven Le Bruyn and Claudio Procesi. Semisimple representations of quivers. Trans.
Amer. Math. Soc., 317(2):585-598, 1990.

Emmanuel Letellier. Quiver varieties and the character ring of general linear groups
over finite fields. J. Eur. Math. Soc. (JEMS), 15(4):1375-1455, 2013.

Emmanuel Letellier. Introduction to character sheaves, 2018. Available at: https:

//webusers.imj-prg.fr/~emmanuel.letellier/CoursM2.pdf.

Qing Liu. Algebraic geometry and arithmetic curves, volume 6 of Oxford Graduate Texts
in Mathematics. Oxford University Press, Oxford, 2002. Translated from the French

by Reinie Erné, Oxford Science Publications.

D. Mumford, J. Fogarty, and F. Kirwan. Geometric invariant theory, volume 34 of
Ergebnisse der Mathematik und ihrer Grenzgebiete (2) [Results in Mathematics and Re-
lated Areas (2)]. Springer-Verlag, Berlin, third edition, 1994.

James S. Milne. Etale cohomology. Princeton Mathematical Series, No. 33. Princeton

University Press, Princeton, N.J., 1980.

James S. Milne. Lectures on etale cohomology, 2013. Available at: https://www.
jmilne.org/math/CourseNotes/LEC.pdf.

Shigeru Mukai. An introduction to invariants and moduli, volume 81 of Cambridge
Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 2003.
Translated from the 1998 and 2000 Japanese editions by W. M. Oxbury.

42


https://webusers.imj-prg.fr/~emmanuel.letellier/CoursM2.pdf
https://webusers.imj-prg.fr/~emmanuel.letellier/CoursM2.pdf
https://www.jmilne.org/math/CourseNotes/LEC.pdf
https://www.jmilne.org/math/CourseNotes/LEC.pdf

[Nak94]

[New78]

[Pool7]

[Rei08]

[Reil3]

[Sch16]

[Ses77]

[Spr9g]

Hiraku Nakajima. Instantons on ALE spaces, quiver varieties, and Kac-Moody alge-
bras. Duke Math. J., 76(2):365-416, 1994.

P. E. Newstead. Introduction to moduli problems and orbit spaces, volume 51 of Tata
Institute of Fundamental Research Lectures on Mathematics and Physics. Tata Institute
of Fundamental Research, Bombay; Narosa Publishing House, New Delhi, 1978.

Bjorn Poonen. Rational points on varieties, volume 186 of Graduate Studies in Mathe-

matics. American Mathematical Society, Providence, RI, 2017.

Markus Reineke. Moduli of representations of quivers. In Trends in representation
theory of algebras and related topics, EMS Ser. Congr. Rep., pages 589-637. Eur. Math.
Soc., Zurich, 2008.

Markus Reineke. Every projective variety is a quiver Grassmannian. Algebr. Represent.
Theory, 16(5):1313-1314, 2013.

Olivier Schiffmann. Indecomposable vector bundles and stable Higgs bundles over
smooth projective curves. Ann. of Math. (2), 183(1):297-362, 2016.

C. S. Seshadri. Geometric reductivity over arbitrary base. Advances in Math.,
26(3):225-274, 1977.

T. A. Springer. Linear algebraic groups, volume 9 of Progress in Mathematics.

Birkhauser Boston, Inc., Boston, MA, second edition, 1998.

43



	Introduction
	Quivers
	Basic definitions
	Quiver representations
	The standard resolution

	Moduli of quiver representations
	Geometry of orbits
	A few words on Geometric Invariant Theory
	The moduli space of quiver representations

	Nakajima quiver varieties
	The moment map and the deformed preprojective algebra
	Generic parameters
	One-parameter families

	Counting absolutely indecomposable representations
	Hyperkähler structure on quiver varieties
	Étale cohomology and point counting over finite fields
	Purity of the special fiber
	Relating the cohomology of the special and generic fibers
	Kac's conjectures and count of absolutely indecomposable representations


